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APPLICATIONS
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Execute collision-free maneuvers and arrive at final destinations at the same
time (or separated by pre-defined time intervals)
React in real time to changes
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% Applications for multiple vehicles:

= Cooperative collision avoidance
= Cooperative target tracking
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¢+ Cooperative control architecture

= Motion Planning (open-loop): generate geometric paths
o  Nonlinear optimal control problem, direct methods

= Coordination (closed-loop): adjust speeds to meet temporal requirements
o Consensus, graph theory, nonlinear systems

= Advantages
o Flexibility
o general problem formulation — motion planning
o Robustness
o Reactively adjust the speed online for safety/mission objectives
o Low exchange of information
o Mild assumptions on coordination network

Kaminer, |., Pascoal, A. M., Xargay, E., Hovakimyan, N., Cichella, V., & Dobrokhodov, V. (2017). Time-Critical cooperative control of autonomous air vehicles.
Butterworth-Heinemann.



Optimal motion planning

OCP: determine =(t) and wu(t)

dide i E(x(0), z(ty)) + f@ ( /T F(a(t), u(t), 9>dt) p(0)d6
subject to = f(z(t),u(t)), Vte]|0,if]

e(x(0), (i) =

h(z(t),u(t)) <0, Vielo,t]




Optimal motion planning

OCP: determine =(t) and wu(t)

i E(a(0), (t7)) + f@ ( /T Fla(t), u(t), 9>dt) p(6)d#
subject to z = f(x(t),u(t)), Vte|0,ts]

e(@(0), 2(t7)) =

h(z(t),u(t)) <0, Vte[0,t]

(f:[to,...,t]\r] T = [xg,...,TN] ﬁ’:[an"';uN])

NLP: determine * and

u
M N

that minimize E(xo, zn) + > w; > w;F(x;,u;,0;)p(0;)
. e

subject to

le(zo, zn)| < N7°
h(mi,ui) = 1N76

Approximate - Solve - Interpolate



LGL Pseudospectral
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Ross, I. Michael, and Fariba Fahroo. "Legendre pseudospectral approximations of optimal control problems." In New trends in nonlinear dynamics and control
and their applications, pp. 327-342. Springer, Berlin, Heidelberg, 2003.



LGL Pseudospectral

(1 Advantages

* Lagrange interpolation at Legendre nodes is robust — for sufficiently smooth solutions
 Consistency analysis [Polak, 1997]

* NLP is feasible

= Solutions to NLP converge to solutions to OCP

* The proof relies on orthogonal collocation property of Lagrange interpolants

N NP .
m(t)%mN(t):[;)w(tk)Ek(t) 0i(t;) = {é EZ;{; — zn(t) = x(t)

* High rate of convergence

To s Vet HCEN(t) — :B(t)HLQ < —

[ Main disadvantage

* Constraints can be imposed only at the nodes
= EfficientVS Constraints Satisfaction (SAFETY)

E. Polak, “Optimization: Algorithms and consistent approximations,” 1997, Springer Verlage Publications.



Efficiency VS Safety
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Efficiency VS Safety
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We seek a class of polynomials with

pseudospectral geometric properties that can be exploited

safety in satisfying the set of imposed constraints:

Bernstein polynomials
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Bernstein polynomials

A degree n Bernstein polynomial is given by

where

* bp.n(t) are the Bernstein polynomial basis

N
bp.N = (k)tN(tf SN, vt e0,ty]

« ¢ €R3 are the Bernstein coefficients

Sergei Bernstein (1880-1968) Paul de Casteljau (1930) Pierre Bézier (1910-1999)

Farouki, Rida T. "The Bernstein polynomial basis: A centennial retrospective." Computer Aided Geometric Design 29, no. 6 (2012): 379-419.



Bernstein polynomial approximation

A degree N Bernstein polynomial is given by

N
T = Z cr bi,n (t)
k=0

[ Bernstein approximation

t; =0, 7=0,...,N, Cj:.i,"(tj)

N
z(t) ~ xzn(t) = Z c;jbjn(t)

[ Differentiation "f% | BT
N Tl 2% e
N-1 N ty ) y
B(t) ~ & (t) = (ZD) bin()  D=|g . g
J=0 \i=0 . : _
: A
RN o N
[ Quadrature : ty

ty N tf
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Optimal motion planning

OCP: determine x(t) and wu(t)

that minimize  E(x(0),z(ts)) + (/T F(z(t),u(t), Q)dt) p(6)do

©
subject to z = f(x(t),u(t)), Vte]|0,tf]
e(x(0),x(ty)) =
h(x(t),u(t)) <0, Vtel0,t;]
N N
Tn(t) =) @by (t) un (t) = wp by n ()
k=0 k=0

NLP: Let 0<ép <1.Determine x; and ux, k=0,...,N

M N
that minimize E(GE(), iL'N) s Z wj Z ’UJjF(CEj, u;, Qz)p(g?,)
=i =

subject to <N Vj=0,...,N

N
ZDj@ZUi — f(x), uy)
i=0

e(xg,zny) =0

h{@iu;,))< N °21, Yj=0,...,N

b



Numerical Properties - Consistency
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Cichella, V., Kaminer, K., Walton, C., Hovakimyan, N., Pascoal, A., “Optimal Multi-Vehicle Motion Planning using Bernstein Approximants,” 2020, IEEE
Transactions on Automatic Control, Accepted



Convergence Rate

“The fact seems to have precluded any numerical application of Bernstein
polynomials from having been made. Perhaps they will find application when
the properties of the approximant in the large are of more importance than
the closeness of the approximation.”

For m > 2

x e W™® = ||len(t) —x(t)||p2 < —

Lagrange interpolation (Legendre nodes)
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Davis, Philip J. Interpolation and approximation. Courier Corporation, 1975.

Bernstein Approximation (equidistant nodes)
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Convergence Rate

“The fact seems to have precluded any numerical application of Bernstein
polynomials from having been made. Perhaps they will find application when
the properties of the approximant in the large are of more importance than
the closeness of the approximation.”

For m > 2
x € W? = ||lexn(t)—z(t)||z2 < Lac, z€C™ = |lzn(t) —=z(t)]| < o
S =N
safety 1 optimality 1
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SAFE
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Approximating non-smooth functions

Bernstein approximations can be used to approximate piecewise continuous functions

GIBBS PHENOMENON

N =10 N =50 N = 500
Pﬁi (\Jil—lg)\(ga n(z) = \.mlrl_li.l\lgd "(r)) C (o HO) i Cees Ol
i /7r (Si“‘r) dr ~ 1.18,
T Jo 7
Bernstein Approximation lim lim ( max B, f(r)— min an(rr:)) = |f(zo + 0) — f(zo — 0)|.
d—0n—oo \ |zg—x|<s |zg—x|<d

Gzyl, Henryk, and José Luis Palacios. "On the approximation properties of Bernstein polynomials via probabilistic tools." Boletin de la Asociacion Matematica
Venezolana 10.1 (2003): 5-13.



Approximating non-smooth functions

Minimize
I, u) = | ' (Bu(t) — 2y(1)dt

subject to
y(t) = yt) +u), vtelo,2],
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y(2) = 39.392, g os .
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u(t) = g N0k ¢ < 1.096
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Gzyl, Henryk, and José Luis Palacios. "On the approximation properties of Bernstein polynomials via probabilistic tools." Boletin de la Asociacion Matematica
Venezolana 10.1 (2003): 5-13.



Bernstein polynomials properties

L Convex hull

= A Bézier curve is contained within the convex
hull defined by its control points

» GJK algorithm computes distance between
convex hulls (curve and obstacle)

Ude Casteljau algorithm

= Subdivides Bézier curve in multiple Bézier
curves

Distance between 2 curves, min/max
velocity, acceleration, etc.

L Computational efficient algorithm for the

computation of:
Degree elevation; extrema of a Bernstein 2
polynomial; minimum distance between
Bernstein polynomials; penetration distance J
between Bernstein polynomial and convex 0_2 0 5 4
shapes; see BeBOT at X [m]

https://github.com/caslabuiowa/

Collision avoidance is guaranteed even for low-order approximations
safe and computationally efficient; scalability

Kielas-Jensen, C. and Cichella, V., “BeBOT: A Python toolkin for motion planning using Bernstein polynomials”, 2019, IEEE/RSJ International Conference on
Intelligent Robots and Systems
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Numerical Results |
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Numerical Results Il
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Numerical Results 111
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Temporal separation

= Bernstein: 55 constraints Y 7Y
» Pseudospectral: 550 constraints (55*N) i:.::;?"
Spatial separation '

= Bernstein: 55 constraints

» Pseudospectral: 5500 constraints (55*N/2)




Numerical Results

) interact | % Move Camera [ Select FocusCamera == Measure 2D Pose Estimate * 2DNavGoal @ Publish Point L]

(© Time
ROS Time: 7098.96 ROS Elapsed: |125.25 Wall Time: |1572357098.99| Wall Elapsed: |125.26 Experimental
Reset | Left-Click: Rotate. Middle-Click: Move X/Y. Right-Click:: Zoom. Shift: More options. 31fps

Persistent monitoring of a target with unknown dynamics
Real-time optimal motion planning



COORDINATION OBJECTIVE

Pa1(m(t)) Final positions
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COORDINATION OBJECTIVE
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COORDINATION OBJECTIVE

tf 2 (£) Speed t) Virtual
Vi rofile g time
desired path F“ P i“
pd,ti (7?: (t)) ----------------------------
0 1
' 0 R YIRS
tf .................................
desired trajectory t ] £y t

Pd,i(t)

Consensus problem: reach an agreement on some distributed
variables of interest (coordination states)

Yi(t) —v;(8) —= 0, Synchronize in both
A t—o0 r(t), position’ and ‘speed




COORDINATION CONTROL LAW

= Distributed control law for group coordination:

f1(8) = =b(a(8) = 4a(t) —a D (1) = %)),

$it) = =b (3i®) = xra(8) —a Y (w(t) = (1)),

JEN;

Xra(t) ==k Y (u(t) — ), Vie{2,...,n},

JEN;

Each vehicle exchanges only its coordination state with its neighbors

Under which assumptions on the communication network this control law
guarantees that the coordination objective is attained?




COMMUNICATION NETWORK

“,‘:;j.’} Laplacian 2. 0 T The graph is connected if
V1 A Matrix L = |-1 1 0 rankL =n — 1 =2
2 A
V3 . g

V1 receives info from neighbours V2 and V3
V2 receives info from neighbour V1

V3 receives info from neighbour V1



COMMUNICATION NETWORK

“‘,‘.::“:.':\\v Laplacian 2. 0 T The graph is connected if
V1 A Matrix L= [-1 1 0 rankL =n — 1 =2
=i
V3 : g
[ Graph connected in the mean]
" V2 o oW
o* A
A :
Vi @ vi @ Vall
v
@\ C N ® 3 A
* ; ; —>
to t1 to 3

[LT = L[to,tl] -+ L[tl,tz] + L[tg,tg] , I'aIlkLT =—n—1= 2]




COMMUNICATION NETWORK

Network connected in
Y an integral sense,
- not pointwise in time
t+T (Arcak 2007)

11
~2 [ QLm@Tdrzuta. Vi, anoJ
T

t

\.

Parameters ( and I’ characterize the QoS of the network

C AV, @\ o\
vi @” vi @ vi @
@\ C N ® 3

| | + )
to t1l tQI ts

[LT = L[to,tl] -+ L[t1,t2] + L[tg,tg] , I'aIlkLT =—n—1= 2]




COORDINATION: MAIN RESULT

= Assume network connectivity satisfies

11 t+T
o7 [ QL@ 2l ¥E20
t

n

= The coordination states x.q;:(t) = [Z(%(t)_“/j(t)): %(t)—ll satisfy

J=1

l2ca,s (B < Fillzed,i(0)]le™ " + Kasup,sollpa,i(vi(t) — ps(®)]

= For ideal performance of the autopilot the coordination stc%\ AUTOPILOT
exponentially with rate of convergence PERFORMANCE
- a N
)\cd > /\cd = E a 2
T (1 - EnT) \ QoS of the
) ) communication
= Moreover, pdai(’yi(t)) is feasible. network

V. Cichella, I. Kaminer, V. Dobrokhodov, E. Xargay, R. Choe, N. Hovakimyan, A. P. Aguiar, and A. M. Pascoal. "Cooperative path following of multiple
multirotors over time-varying networks." IEEE Transactions on Automation Science and Engineering 12, no. 3 (2015): 945-957.



RESULTS
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Cooperation ensures satisfactory overlap of
the field-of-view footprints of the sensors,
increasing the probability of target detection

Mosaic of 4 consecutive
high-resolution images

RAESTANTIA PER SCIENT4p¢ )



../../../naira/UIUC_related/CPFslides&movies/CPF2UAV.mov

RESULTS

4 - 4 .
t=42s t = 60s
2 2
cH 1 o
B ; Eo & :
B g -
________ °
2 D)
-4 -4
R, . ¢ : 5 2 Ao, 4
x(m) z(m)
| 2
Hs
2
o—--..,
—~ )
LR 3
==
2 "-.
-4 |
- 2 0 2 1
z(m)

distance(m)

b

(=)

=

[p3(t) — polt)]
— |IP2(t) — Po(t)]| — dgafe

w— |, (t) — Po(t)||

P

50 60 70

t(s)

Multiple drones and ground robots performing cooperative collision avoidance maneuvers



RESULTS

Multiple drones and ground robots performing cooperative collision avoidance maneuvers
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